We consider a simple model for signal transport in the cytoplasm. Following some recent experimental evidences, the standard diffusion model is supplemented by advection operated through an attachement/detachement mechanism along microtubules. This model is given by a system of partial differential equations which are cast in different dimensions and connected by suitable exchange rules. A numerical scheme is introduced and some simulations are presented and discussed to show the performances of our model.
INTRODUCTION
A key process in cell's life is intra-cellular transport. Eukaryotes have a highly compartmentalized structure: different processes are performed in specific compartment named organelles. The largest organelle is of course the nucleus, where DNA is stored and protected. Proteins need to get into the nucleus to activate specific processes and to exchange information. There are different mechanisms that the cell can exploit to this purpose. For example proteins can move from a region of higher concentration to one of lower concentration: this process is known as facilitated transport. The concentration gradient that allows this kind of transport is created by the protein Ran that in its GDP and GTP bound form operates in import and export of proteins from and to the nucleus. Ran has an asymmetric distribution within the cell: the GTP bound form is abundant in the nucleus while the cytoplasm is rich of Ran•GDP. The Ran gradient operates in the transport mechanism giving the directionality to transport. Other possibilities for nuclear proteins import have been explored and different mechanisms have been proved to cooperate in transport (for a review see (Wagstaff and Jans, 2009) ). For example some specific proteins like p53, p38 or the parathyroid hormone-related protein (PTHrP) use microtubules to facilitate their way towards the nucleus (Giannakakou et al., 2002; Roth et al., 2007; Lam et al., 2002; Gong et al., 2010) .
We are interested in this kind of transport where proteins use microtubules as further support through their way to the nucleus. In this work we would like to point out the importance of microtubule-assisted transport for an efficient nuclear accumulation of NLS-proteins. To further motivate this work let us remark that objections were raised against the theory that diffusion alone is the only mechanism operating in transport (Agutter et al., 1995) . For example cytoplasmic location of enzymes in signaling cascades (Kholodenko, 2009 ) is fundamental for the efficient diffusion of the signal within the cell.
We present here a spatial model based on PDEs whose variables are the proteins concentrations and we restrict our study to an area assumed to be influenced by a single microtubule. We want to represent two different transport mechanisms: diffusion and active transport along microtubules. Since we are interested in transport of nuclear protein, we will look at transport along microtubules in a single direction, i.e. towards the nucleus.
For a matter of simplicity we chose to describe only the essential molecular pathways and we get a simple model with two species concentrations and the concentration of the attached particles, represented by a third equation.
Moreover as a distinguishing feature we model the transported cargo concentration on the microtubule by a 1-dimensional process, and we let the diffusive molecules lie on the two dimensional domain. This multidimensional approach is largely used in bloodflow numerical modeling in order to describe large systems of vessels: they give the possibility to switch from 3D models to 1D or 0D representations and recreate dynamics that involve different space scales in large vessels networks. This choice consents also a gain in computational time, see for instance (Passerini et al., 2009 ).
Microtubules Enhanced Transport
Microtubules (MTs) are filaments composed by tubulin dimers that constitute the cytoskeleton together with actin filaments and intermediate filaments. They are organized in a radial structure pointing towards a common region, the Microtubule Organizing Center (MTOC), from which they nucleate. The MTOC is set near the nucleus so that microtubules irradiate from the cell center to the cell periphery. Moreover they have a polarity: a plus end toward the cell periphery and a minus at the cell center.
Microtubules are involved in many cellular process, namely they are responsible for vesicles and organelles transport within the cell, they play an important role during mitosis and are required in cellular motility. Here, we are interested in investigating the ability of microtubules to enhance intracellular transport. It is known that viruses use these highways to get close to the nucleus (Campbell and Hope, 2003) and that vesicles and organelles, as mitochondria, are transported within the cytoplasm by motor proteins bound to microtubules.
As said before recent studies demonstrated that some proteins use this network to facilitate their way towards the perinuclear region (Giannakakou et al., 2002; Roth et al., 2007; Lam et al., 2002; Gong et al., 2010; Salman et al., 2005) . Regulation of the cellular machinery need an efficient transport machin-ery and the cytoskeleton that structure the entire cytoplasm seems to be a natural candidate to cover this role (Wagstaff and Jans, 2009; Campbell and Hope, 2003) . In order to move close to the nuclear envelope, viruses, organelles and some NLS-proteins take advantage of the microtubule network. In some cases molecules can associate to this structure to prevent their nuclear accumulation (Campbell and Hope, 2003) . Active transport along the MTs is permitted by binding to a motor protein, which possesses a mechanism for moving along the MT at a speed of about 0.5 to 1 µm s −1 (Smith and Simmons, 2001; Nédélec et al., 2001) . Two families of motor proteins associate to the MTs: dynein, which permits transport from the plus end to the minus end, and kinesin, which transports in the opposite direction. Here we just focus our model on the dynein motor.
A SIMPLE MODEL
A few mathematical models exist to represent these different employs of MTs (Cangiani and Natalini, 2010; Smith and Simmons, 2001; Dinh et al., 2007) but most of them are one dimensional models and do not consider the effective position of single filaments. Recently Cangiani and Natalini proposed in (Cangiani and Natalini, 2010) a three dimensional model of nucleocytoplasmic transport which takes into account all the signalling pathway of protein import. Their results show the dependence on MT-enhanced transport for the optimality of nuclear import, as reported in Roth (Roth et al., 2007) .
In this paper we propose a model that could reproduce microtubule-based transport towards the nucleus to highlight the importance of this mechanism for the efficiency of nuclear import. To this goal we suggest a simplified bi-dimensional model of cytoplasmic transport taking into account as few kinetic processes as possible.
Unlike other models we represent the position of a single MT filament. For the time being we do not want to model the crossing of the nuclear envelope and we restrict our study to the representation of a single domain that called Ω (see Figure 1 ). Furthermore we will consider only the kinetics of the free cargo and of the cargo-dynein complex without looking at the whole import pathway. We model this system so that transported particles obey to a one dimensional equation, while diffusing particles are in a two dimensional domain. We restrict our study to an area that we suppose influenced by a single microtubule. Finally, via the choice of periodic boundary condition on the longer side of our domain, we make the assumption that MTs are homogeneously distributed inside the cell.
A Model for Proteins
We consider only the kinetic equations of two proteins: a generic NLS-protein (cargo C) that has to be transported to the nucleus and the motor protein dynein (D). Dynein is a molecular motor that move along microtubules in the direction of cell nucleus (Mallik et al., 2005) . We suppose dynein concentration constant and uniformly distributed. Cargo diffuses freely in the cytosol and bind to dynein, so that facilitated diffusion can be achieved. If the dyneincargo complex (P f ) reach the attraction area (see Figure 1) of the microtubule filament, they can bind together, so attachment and detachment to the MT is seen as a kinetic process.
Once the complex (P t ) moves on the microtubule, it has a steady velocity of about 1µms −1 as reported, for example, in (Nan et al., 2005) . The complex bound to the MT has a certain probability k −1 to detach from the filament. However at the end of the microtubule it is necessarily released near the boundary of the considered region. Here we specify the kinetic reactions:
The last reaction occurs only in the area of attraction of the microtubule, here denoted as IxJ (see 
The Mathematical Model
We want to represent mathematically the molecular pathways presented above, localizing them in the considered domain Ω : in this way we get a system of partial differential equations. We imagine the domain to be the cytoplasmic area surrounding a single filament of microtubule. We assume that the structure of the MTs network is homogeneous within the cell and represent this choice via periodic boundary condition on the long sides of the domain, Γ 1 and Γ 3 .
We use classic laws to represent every process: Mass Action Law for kinetic reactions, Fick's law of free diffusion for species concentrations diffusion and active transport for the particle bound to the mi- Figure 2 : Periodic boundary conditions on the long side of the domain (see figure 1) in equation 1 make the cell an homogenous environment. This means that the strip where we model the system is only a "zoom" on a single microtubule. We suppose that the same reactions take place in the rest of the cell. 
velocity for the transported particle. Dynein concentration is supposed to be constant and is denoted by
Under the previous assumptions the u and v species satisfy a reaction-diffusion equation, while w is controlled by a convection equation modeling the transport along the microtubule with a steady velocity c. The model we get is equation 1, where δ x 0 in the equation for v stands for the Dirac mass in
IxJ represents the contribution due to the outgoing flux of the transported particles at the end of the MT filament and it guarantees conservation of the mass. We also impose the boundary conditions:
As said before, the boundary conditions on Γ 1 and Γ 3 for u and v are periodic, i.e. we suppose that for every t u| Γ 1 = u| Γ 3 , respectively v (see figure 2 ). We assume that proteins cannot cross the membrane layer on Γ 4 using a Neumann homogeneous boundary condition, but we suppose that on Γ 2 there is an outgoing flow proportional to the species concentration. For the transported cargo we suppose that there is not an upcoming flux at the beginning of the microtubule. We remark that the two first equations lie in a two dimensional domain: u = u(x, y,t) and v = v(x, y,t) represent the species concentration per unit volume at time t in (x, y) ∈ Ω. The equation for w is one dimensional and the cargo concentration can move only in one direction along the filament, positioned
In our model, to point out the difference in the type of transport mechanisms, we consider the MT dependent transport to be 1D and describe diffusion as a bidimensional event. With this approach we couple the two mechanisms considered and model them at two different levels. In this way we get an interconnected system that relies on the two processes but emphasizes the features of each type of transport.
A concentration gradient that allows diffusion in the whole domain, and active transport directed towards the nucleus and localized near the microtubule.
SCHEME
In this section we will propose a numerical scheme in order to solve the system presented above. Let us introduce a space discretization of the x and y axis. Our domain Ω is the rectangle [0, L x ] × [0, L y ] (fig: 1 ). We denote by ∆x, ∆y the discretization steps in the x and y directions respectively and we divide the intervals [0, L x ] and [0, L y ] in N x + 1 and N y + 1 points. The mesh points will be (
Let ∆t be the time discretization step and t n the n th step, i.e. t n = n∆t, n ∈ N. According to these notations u n i, j will be the approximation of the solution of u in (x i , y j ) at time t n and respectively v n i, j and w n i denote the approximations of v and w. We remark that w lies in [x In , x Fi ] so w n i is well defined only for certain values of i, in particular we need x In /∆x ≤ i ≤ x Fi /∆x.
We first solve the third equation of the system. We discretize the transport contribution by using an upwind scheme enhanced by a TDV flux limiter (Sweby, 1984) . The right hand side is made by two parts. The term −k −1 w is stiff, and it will be approximated by an implicit discretization. For the other source term F := J v(x i ,y)dy |J| , we used an upwinding scheme (Roe, 1981) , which improve the resolution near the asymptotic states, and besides, we approximated the integral using a trapezoidal rule. Summing up these considerations, we obtain a scheme for w (equation 2). In this equation ν = c ∆t ∆x and we put r i+1/2 =
, while φ is a flux limiter function (minmod in our simulations, see again (Sweeby, 1984) ).
We use a IMEX midpoint scheme (Briani et al., 2007) , to solve numerically the reaction-diffusion system (see equations: 3, 4), where
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We first solve the third equation of the system. We discretize the transport contribution by using an upwind scheme enhanced by a TDV flux limiter (Sweby, 1984) . The right hand side is made by two parts. The term −k −1 w is stiff, and it will be approximated by an implicit discretization. For the other source term F := J v(x i ,y)dy |J| , we used an upwinding scheme (Roe, 1981) , which improve the resolution near the asymptotic states, and besides, we approximated the integral using a trapezoidal rule. Summing up these considerations, we obtain a scheme for w (equation 2). In this equation ν = c ∆t ∆x and we put r i+1/2 = w n i−1 −w n i−2 w n i −w n i−1
+φ(r i−1/2 )(w n i − w n i−1 )] + 1 2 ∆tk 1 (F n i + F n i−1 ).
(2)
∆y 2 (respectively for v). since u and v satisfy mixed boundary conditions on Γ 2 and Neumann boundary conditions on Γ 4 we use the second order derivative approximation to calculate the boundary values. We use this second order approximation ∂u ∂n (0, y j ) = 1 2∆x
(−3u n 0, j + 4u n 1, j − u n 2, j ), to yield: u n 0, j = ( 4 3 u n 1, j − 1 3 u n 2, j ). We also discretize:
Similarly we calculate the numerical approximation of v on the boundary.
Numerical Experiments
In this section we will do some numerical experiments and we will analyze the order of accuracy of the scheme proposed. We will solve the system and evaluate the differences of solutions at the final time T=2. To do this we will change the space step and calculate the L 1 norm of the difference between numerical solutions at different space steps. We put h = ∆x = ∆y and define the function
whose values represent the order of accuracy of the numerical solution. The time step ∆t will change accordingly to h to satisfy the CFL condition for the advection equation and the condition for IMEX midpoint scheme stability, so that in each experiment we get ∆t = min(h/c, h 4/3 ), see (Briani et al., 2007) for more details. We fix all the reactions constants and of course the diffusion constants of the two species: k = 0.2, k − = 0.2, k 1 = 5, k −1 = 0.2, d u = 10,
We fixed the motor velocity c = 1, as found in literature (Mallik et al., 2005) , as well as the attachment and detachment rate of cargo and dynein (see (Cangiani and Natalini, 2010) ). The total dynein concentration is constant and we assume [D]=1. The diffusion constants are relative to a given cargo protein. For example p53-GFP diffusion constant was estimated to be 15.4µm 2 s −1 . Table ? ? shows the L 1 distances of solutions at different space steps. Table  ? ? shows the numerical accuracy of the scheme.
RESULTS
Using the scheme presented in the previous section, we solve numerically the reaction-diffusionadvection system to calculate the net flux of particles with and without microtubules. Our purpose is to show that microtubule activity is a natural support for intracellular trafficking.
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We fix all the reactions constants and of course the diffusion constants of the two species: k = 0.2, k − = 0.2, k 1 = 5, k −1 = 0.2, d u = 10,
We fixed the motor velocity c = 1, as found in literature (Mallik et al., 2005) , as well as the attachment and detachment rate of cargo and dynein (see (Cangiani and Natalini, 2010) ). The total dynein concentration is constant and we assume [D]=1. The diffusion constants are relative to a given cargo protein. For example p53-GFP diffusion constant was estimated to be 15.4µm 2 s −1 . Table 1 shows the L 1 distances of solutions at different space steps. Table 2 shows the numerical accuracy of the scheme.
RESULTS
Many proteins have been proved to use the MTs network and the motor protein dynein to facilitate their way towards the nucleus. Maybe the most notable is the tumor proteins p53, because of its crucial role in cell life regulation (Roth et al., 2007; Giannakakou et al., 2002) . But other proteins, as p38 or PTHrP are known to be transported by motor proteins to improve nuclear accumulation (Gong et al., 2010; Lam et al., 2002) .
We performed different numerical experiments to simulate the presence or not of the microtubule in our domain. In in vitro experiments ((Roth et al., 2007) ), microtubules dynamics is suppressed by the use of specific drugs. In this way cargo can not be transported along the filament. We can easily simulate these two different states of the cell uncoupling the third equation of the system.
Our results reproduce qualitatively the behaviour reported in experiments the by Roth et al. We calculated the net flux of each species at the end of the microtubule. This is to say we calculated φ u (t) = −d u L y 0 ∇u · ndy and φ v (t) = −d v L y 0 ∇v · ndy. As we can see in figure 5 the net flux is higher if the microtubule structure is used for protein trafficking. In the same way we remark that the flux of the v species is greater then the flux of the diffusive species u.
In figure 6 we can see the different profiles of u and v at the final time T. In the case of simple diffusion a natural homogenization process just began. When microtubule is activated we can see a great difference in the total concentration profile and remark the relevance of active transport.
CONCLUSIONS
With this simple model we aimed to reproduce a mechanical behaviour of signal transport in the cytoplasm and to highlight the importance of microtubule activity. It is still unknown why some proteins use MTs unlike others. We found a clear difference in the results (total net flux enhanced thanks to microtubule based transport) for cargoes that do use this mechanics to move faster towards the nucleus. Our purpose was not to reproduce data found in literature but to point out the importance of this second mechanism that has recently been explored as a nuclear protein trafficking support. Furthermore proteins like p53 or PTHrP that are tumor suppressors and regulate cell life have been proved to use the MT network and this motivate further our study. Using a PDEs system of equation, with a spatial representation of the concentration cargo, we could compare the diffusion mechanism against the advection one. Our multidimensional approach was a tool to stress the difference in the two types of transport, which will be compared in the future to more data in the literature.
